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The equat ion  for the t he rma l  boundary  layer  of a non-Four ie r  power-  

l aw  fluid on a f lat  p la te  with an exponen t i a l  dis t r ibut io  n of sur face  

t empera tu re  is reduced  to an ord inary  equa t ion  and solved by the m e t h -  

od of f ini te d i f ferences .  The e f fec t  of  the exponent  ), on the  t e m p e r a  ~ 

ture profi le  and on the  hea t - t r ans f e r  coe f f i c i en t  is de t e rmined .  It is 

demons t ra ted  tha t  the asympto t i c  solutions of the equa t ion  for l a rge  o 

are nea r ly  exac t .  

With c o n s i d e r a t i o n  of the  n o n - F o u r i e r  h e a t - c o n d u c -  
t ion law [1] 

[ Oul ]n-1 OT (1) 
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the  equa t ion  for  the t h e r m a l  boundary  l a y e r ,  wi th  v i s -  
cous  d i s s i p a t i o n  n e g l e c t e d ,  i s  w r i t t e n  in the f o r m  
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We a s s u m e  the fo l lowing  boundary  condi t ions :  

T = T= (xl)  when gl = 0; T --> T.~ as  Yl -~ Go; (3)  

Tw(xO = T~o + Ax T. (4) 

Equa t ion  (2) i s  w r i t t e n  as  fo l lows  in d i m e n s i o n l e s s  

f o r m :  
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F o r  the boundary  l a y e r  of a n o n - N e w t o n i a n  p o w e r -  
law f lu id  on a f la t  p la te ,  u and v a r e  d e t e r m i n e d  f r o m  
the fo l lowing  f o r m u l a s  [2]: 

1 

u = cp'01), v = [n(I  + n)x}~+"[(I ~ n)xl- blip - -  ~PI, 

I 

" q = y [ n ( 1  +n)x] l+n, (7) 

w h e r e  the p r i m e  deno t e s  the d e r i v a t i v e  wi th  r e s p e c t  
to T/, and the func t ion  (p s a t i s f i e s  the equa t ion  

~,,, + q~ ( q : ) 2 - .  = o (8)  

with the boundary  cond i t ions  

r = 0, ~p' = 0 when ~l = 0; q0' -~ 1 as  ~q + r (9) 

With f o r m u l a s  (7), Eq.  (5) i s  r e d u c e d  to an o r d i -  
n a r y  d i f f e r en t i a l  equa t ion  

o" + [(n - -  ]) , : 7 r  + o n (q:') i - .  q~] 0' - -  

- - ~ n ( 1  + n),~q)' ((p")l--n 0 m 0 ( l o )  

or  with c o n s i d e r a t i o n  of (8) 

O" + [(cr - -  1) n + 11 (q:)l- ,~ qDe' - -  

on(1 -+ n) ycp' (r I -"  0 = O. (11) 

T a b l e  1 

The  V a l u e s  of - 0 ' ( 0 )  

n 
0 --0.5 0 0.5 2.0 4.0 

0 .5  

0 .7  

1,0 

1,5 

2 .0  

lO 
100 

10 
100 

10 
100 

10 
100 

10 
100 

0.2431 
0.5152 
2.215 
0.4750 
0.0000 
0.0000 

- -1 .466  
- 3.331 
--29.31 
- -567 .0  

0,5549 
1 , 1 8 8  
0.7555 
1.625 
1 . 0 3 0  
2.223 
1,396 
3,021 
1.662 
3,602 

0.7155 
1.535 
0.9995 
2.149 
1 . 4 1 1  
3.041 
2,012 
4.342 
2.503 
5.404 

0,9914 
2.132 
1 . 4 0 6  
3,027 
2,016 
4.345 
2. 930 
6.311 
3.692 
7.958 

1 . 2 1 7  
2.612 
1.731 
3.723 
2,490 
5,364 
3,633 
7,829 
4,591 
9.890 
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The boundary condition (3) will be 

0 = 1 when '1 = 0; 0 -~ 0 as T I -~ ~ .  (12) 

Levy [3] dealt  with an analogous p rob lem for a New- 
tonian fluid and an a r b i t r a r y  surface;  the p rob lem was 
formula ted  in [2] for a power- law fluid and for Eq. (1). 

To s01ve the 2-nd order  l i nea r  equation (11), we 
employ the method of f inite d i f ferences  used in [3], 
with slight modif icat ions.  

We wili divide the region  of in tegra t ion  into equal 
in te rva l s  of length h and, repIae ing  the der iva t ives  
0 r and 01 by the f in i te -d i f fe rence  ra t ios ,  ins tead of 
(11) we obtain 

where 

(Oi+ x --20 i + Oi-1) /h  ~ + 

+ At (Oi+, - -  Oi_,)/h - -  B t 0 i = O, 

A t = [ (~- - l )n  -I- 11(9~ )*-n %/2, 

This  yields the fo rmula  

0i+ 1 = a i 0 i - -  b iOt_  1 

when 

(13) 

(14) 

(15) 

a i = (2 + h2Bt)/(1 -}- hAl)  , 

b e = (1 - - h A 3 ~ ( 1  + hAi).  (16) 

Using fo rmula  (15) for i = 1, 2, 3, e t c . ,  with con- 
s idera t ion  of the boundary condition 00 = 1, which fol-  

0 

0 i 2 3 

Fig. i. Temperature profiles in the 

boundary layer at n = 0.5; cr = i0: 

i) ~/ =-0~ 2)-2/3 =T0; 3)-0.5; 
4) O; 5) 0.5; 6) 2.0; 7) 4.0. 

lows f rom (12), we find that 

O i + l = C i O l - - d  t, 

where 

and 

(17) 

ci = aic~-,  - -  bici-~; d i = a i d l _  1 - -  b id i_  ~ ( 1 8 )  

c , = a l ,  c o = I ,  c _ , = 0 ;  

d , = b , ,  d o = 0 ,  d - l = - - l .  (19) 

Applying the second boundary  condition of (12) in 
the form of 0r+ 1 = 0 to formula  (17),with r co r respond-  

ing to the external  edge of the boundary layer,  we have 

O[ ~) = d/Cr.  (20) 

The value of i = r is obtained f rom the condition 

IoI~) - o [ ~ - ' t / h  < ~, 

where e is a 

(21) 

small number specified in advance. This 

r 

Fig.  2. T e m p e r a t u r e  prof i les  in boundary 
layer  at n = l . 0 ;  (~=10: 1) 7 = - 0 . 6 ;  
2) - 0 . 5  =3/0; 3) 0; 4) 0.5; 5) 2~ 6) 4.0. 

cor responds  to the approach of the ra t io  di/e i to some 
l imi t  de te rmin ing  61 in Eq. (20). 

As a resu l t ,  the solution of the problem is obtained 
with fo rmulas  (14) and (16)-(21). In i t ia l ly  the coeffi- 
c ients  c i and d i are  calculated according to formulas  
(18)-(19); the value of 01 f rom Eq. (20) is found, and 
then the profi le  0 f rom (17) is ca lcula ted.  The solution 
was obtained on a Ura l -2  computer;  the solution of 
Eq. (8), r equ i red  for the calculat ion of the coefficients 
in (14), was found by the Runge-Kut ta  method with con- 
s idera t ion  of the values  of go'(0), which are known 
f rom [2]. 

The quantity -0 ' (0 ) ,  shown in Table  1, is de te r -  
mined f rom the fo rmula  

- - 0 '  (0) = (1 --Oi)/h. (22)  

Compar i son  of the values of 0'(0) with the c o r r e -  
sponding quant i t ies  calculated by other methods for 
,,/ = 0 [2, 4] demons t ra ted  that the descr ibed  method, 
given p roper  se lect ion of h and e, yields  no less  than 
4 exact s ignif icant  f igures .  Good agreement  with the 
r e su l t s  of [3] was not noted, although this can be ex- 
plained by the fact that the accuracy  of the di f ference 
equation cor responding  to (13) is lower by an order  of 
magnitude in [3] than in this paper  [O(h) instead of 
O(h2)], s ince a un i l a te ra l  fo rmula  was used in [3] for 
the der iva t ive  0~ (in (13) a cent ra l  fo rmula  was used) 
and the calcula t ions  were  c a r r i e d  out for a constant  
and r a the r  la rge  pitch of h = 0.1. We note that in the 
calculat ion of 0'(0) in accordance  with the un i la te ra l  
fo rmula  (22) there is no loss  of accuracy,  s ince 
0"(0)  = 0. 

Examples  of the calculated 007) prof i les  are  shown 
in F igs .  1--3. We see that an i nc r ea se  in ~' r e su l t s  in  
a re f inement  of thermal  boundary layer.  When 7 < 0, 
the prof i les  exhibit  a f lexure point within the layer ,  
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T a b l e  2 

Comparison of the Exact and Approximate Values of -Ov(0) 

n I0 100 
formula exact (33) error, % exact 

0,2735 
0.3567 
0,4696 
0.6189 
0.7265 

0 .5  
0.7 
1.0 
1.5 
2,0 

0.6691 
0.9128 
1.246 
1.691 
2.014 

0.6664 
0.9121 
1.248 
1.697 
2,023 

--0.40 
--0.08 
+0.16 
+0.35 
+0.45 

1.433 
1.963 
2,687 
3.653 
4.356 

formula 
(33l 

1.436 
1,965 
2.689 
3.656 
4.358 

error, % 

+0.21 
+0.10 
+0.07 
+0.08 
+0.05 

0.3333 
0.2941 
0.25 
0.2 
0.1667 

while for some u = 3/o the condition 0'(0) = 0 is sa t i s -  
fied. When 2/< 3/o, 0~(0) > 0 and the temperature within 
the boundary layer exceeds the wall temperature (0 > 
> i). 

g2 

a8 

O.O 

0 a5 /,O 

F ig .  3. T e m p e r a t u r e  p r o f i l e s  in the 
boundary  l a y e r  at  n = 1.5; a = 10: 

1) 7 = - 0 . 5 ;  2 ) - 0 . 4  =2/0; 3 ) 0 ;  
4) 0.5; 5) 2.0; 6) 4.0. 

Using formulas (i), (4), (6), and (7), we determine 
the local heat - t ransfer  coefficient of the plate: 

1 

Nu/R = --  qwK/ALVH p U = Ex'fRx, t.~, (2 3) 

n 

E =  - - [ n ( l  -{- n)] l+n[~"(O)]n-lO'(O). (24) 

It  fo l lows  f r o m  f o r m u l a  (23) that  when 2/ = n / (1  + n), 

qw is  i ndependen t  of xl .  
In v i ew of the fac t  that  the  p r o b l e m  is  s o l v e d  fo r  

>> 1, the t h e r m a l  bounda ry  l a y e r  is  m u c h  th inne r  than 
the d y n a m i c  boundary  l a y e r  and the fo l lowing  r e l a t i o n -  
sh ips  of [4] a r e  a p p r o x i m a t e l y  val id:  

(p" = const = ~, (p'" = O, ~ '  = ~q, q~ = ~,1~/2. (25) 

H a v i n g  subs t i tu t ed  (25) into (10), we obta in  the equa t ion  

0" -t- a')~0 ' -~ b~10 = 0, (26) 

w h e r e  

a = o n ~ - ~ / 2 ,  b = - - o n ( l + n ) 7 [ i  ~-n. (27) 

In the g e n e r a l  c a se ,  Eq.  (16), with subs t i t u t i on  of 
the v a r i a b l e s  

0 = , l - l exp ( - - a~ lV6)  W, z = a,l~/3, (28) 

can be  t r a n s f o r m e d  into the Whi t t ake r  equa t ion  [5] 

dz ~ "-1- - - - ~  -I- z z ~ W = O (29) 

when  k = (b - a ) / 3 a ,  m = 1/6, whose  so lu t ion  is  e x -  
p r e s s e d  in the f o r m  of s e r i e s  in p o w e r s  of z o r  in con-  
tour  i n t e g r a l s  wi th  the p a r a m e t e r  z. T h e s e  so lu t ions  
a r e  c o m p l e x  fo r  the c a l c u l a t i o n s .  

F o r  c e r t a i n  r e l a t i o n s h i p s  be tween  b and a, Eq.  (26) 
i s  e a s i l y  so lved  under  the cond i t ions  of (12). Thus ,  
when b = 2a we have  the so lu t ion  

0 = exp ( - -  a ~1~/3), (30) 

which  c o r r e s p o n d s  to the  c a s e  0'(0) = 0 and t h e r e f o r e  
de f ines  the quan t i ty  70. I t  i s  p r e c i s e l y  when b = 2a 
that  i t  f o l l ows  f r o m  (27) that  

70 = - -  I/(I q- n). (31) 

Calculations have shown that formula (31) for the val- 
ues of ~ and n under consideration within the l imita- 
tions of 4 significant figures is exact, while the pro-  
files of (30) virtually do not differ from the resul ts  of 
the numerical  solution. 

Another simple solution is derived for b = - a ,  i .e.  , 
when 2/ = 1/2(1 + n), and this solution is in the form 

i 0 = e x p ( - - a ~ V 3 ) - - a , 1  ~exp(--a~13/3)d,I ,  (32) 

whence  

- -  O' (0) -- (a/3) 1/a F (2/3) ~ 0.7452 (a n ~2-n)1/3o (33) 

The accuracy of formula (33) is sufficiently high, as 

can be seen from Table 2. 
The solution for the case b = 0 (2/ = 0) was given in 

[4] and it was also close to an exact solution. 
The asymptotic equation (26) thus yields a solu- 

tion that is little different from the solution of Eq. 

(lO). 

NOTATION 

q is  the hea t  f lux in the boundary  l a y e r ;  qw is  the 
s a m e ,  at the  wal l ;  H is  the t h e r m a l  conduc t i v i t y  c h a r -  
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acteristic; K and n are the theological characteristics 

of the fluid; x I is the longitudinal coordinate; Yl is the 

transverse coordinate; u~ and v I are the projections of 

the velocity vector onto the x I- and yl-axes, respec- 

tively; U is the velocity of external flow; L is the char- 

acteristic length; R is the Reynolds number; p is the 
fluid density; ep is the specific heat capacity; A and 
y are the constants (formula (4)); (r is the Prandtl num- 
ber; Nu is the Nusselt number. 
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